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Perturbation Analysis of Nonlinear Wheel Shimmy

James T. Gordon¤

The Boeing Company, Seattle, Washington 98124

A perturbation analysis of nonlinear wheel shimmy in aircraft landing gear is presented for nonlinear models
that include terms due to coulomb friction between the oleo struts and freeplay in the torque links. The method of
multiple timescales is used to obtain general expressions for the limit-cycle amplitude and the frequency that are
functions of ground speed. The analysis shows that stable or unstable limit cycles can exist for taxi speeds above or
below a critical value with stability of the limit cycles being determined by the sign of a computed coef� cient. When
only coulomb friction is present, an unstable limit cycle exists. When only freeplay is present, a stable limit cycle
exists. When both coulomb friction and freeplay are present, it is shown that stable and unstable limit cycles and
a turning point can exist depending on the system parameter values. The solution method is applied to a simple
shimmy model, and results from the perturbation analysis are shown to be in good agreement with those obtained
by direct numerical integration of the nonlinear shimmy equations.

Nomenclature
A = response amplitude
OF j ; OFk = vectors of nonlinear terms
fcf = vector of coulomb friction terms
ffp = vector of nonlinear stiffness terms

including freeplay effects
f .n/

j ; f .n/

k = Fourier coef� cient vectors
i = imaginary unit,

p
¡1

K; NK = stiffness matrices
K.0/ = ²0-order term in expansion for K
K.1/ = ²1-order term in expansion for K
M; NM = mass matrices
q = vector of state variables
qm = coordinate vector in expansion for q
V = system parameter (ground speed)
Vi = i th-order term in expansion for V
V0 = critical value of V
® = complex coef� cient
¯ = complex coef� cient
° = complex coef� cient
± = complex coef� cient
² = small parameter
¿ = independent variable time
¿m = multiple timescales
Ã = phase
! = frequency, dependent on amplitude A
!0 = eigenvalue for V0 and det L0

I. Introduction

T HE preventionof landing gear shimmy continues to be an im-
portant area of concern in the design and operation of aircraft.

Typically,both linear andnonlinearshimmy analysesare conducted,
and by appropriate changes in the geometric, damping, and struc-
tural parameters, a shimmy-free con� guration is sought. In general,
linearmodelswill fail to predictaccuratelythe behaviorof the inher-
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ently nonlinear landing gear system, although basic characteristics
and trends usually will be determined correctly. The presence of
coulomb friction between the oleo struts, freeplay in the torque
links connecting the inner and outer struts, and hydraulic dampers
or steeringunits challengesthe analystand furthercomplicatesmod-
eling efforts. In addition, the tire–ground forces and moments are
nonlinear functions of the tire slip angle.

Analytical solutions to nonlinear shimmy models have appeared
in the published literature in only a few cases. Pacejka1 presented a
detailed study of the nonlinear shimmy of automobiles including a
nonlinear tire theory and investigationsof the effects of dry friction
in the kingpinsand wheel bearing clearance on shimmy. His results
identi� ed limit cycles using an analyticalmethod by Magnus based
on the harmonic balance method of Krylov and Bogoliubov2 to lin-
earize the equations.His results1 also indicated that linear tire theo-
ries producesubstantiallythe same results as the nonlinearexcept in
regions of high slippage. Collins3 has emphasized this latter point.

Gordon and Merchant4 have applied the method of multiple-
timescales to the analysis of nonlinear shimmy models for landing
gear that include terms due to velocity squared damping. Burton5

has applied the describing function method to the analysis of non-
linear shimmy models with a complete model of hydraulic steering
cylinders used as dampers on a nose landing gear. Somieski6 has
used describing function methods for aircraft shimmy models with
nonlinearrepresentationsof the tire aligningmoment and side force.

The Krylov–Bogoliubov [(K–B) or harmonic balance]2 and de-
scribingfunctionmethodshavebeen appliedsuccessfullyto systems
with relay-type nonlinearities having discontinuous jumps, for ex-
ample, coulomb friction, freeplay, and hysteresis. Application of
these procedures is justi� ed, even with strong nonlinearities if the
system possessesa � ltering propertythat attenuatesresponsesat the
higher harmonic frequencies, that is, the system admits a periodic
solutiondominatedby the fundamentalharmonic.Popov7 has given
the conditions that must be satis� ed by the system and the nonlin-
ear function for the K–B averaging method to be applicable. In
general, system models for nonlinear � utter and shimmy problems
exhibit this � ltering property. Shen8 has discussed the suitability
and application of the K–B method to nonlinear � utter problems.
ÏSiljak9 discussed the applicability criterion of Popov7 in consider-
able detail for the describing function and K–B methods, including
extensions to systems having multiple nonlinearities of symmetric
and nonsymmetric types. ÏSiljak9 also notes that if the applicability
conditions of Popov7 are not satis� ed, use of these methods may
predict sustainedoscillationsthat do not exist, or may fail to predict
sustained oscillations that do exist. Bogoliubov and Mitropolsky10

have investigated the nonlinear analysis of self-excitedsystems us-
ing harmonicbalancemethods. Morrison11 discussed the close rela-
tionshipbetweenaveragingmethodsand the two-variableexpansion
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procedure.12;13 Generalizationof the two-variableexpansionproce-
dure using multiple-timescales and the validity of the asymptotic
expansion method were discussed by Nayfeh.14 Applications of
averaging techniques and the multiple-timescale method to free,
forced, and self-excited vibration problems with a variety of non-
linearities, including those having relay characteristics,were given
by Nayfeh15 and Nayfeh and Mook.16

The goal of this paper is to obtain a perturbation solution of the
nonlinear shimmy equations for models with coulomb friction and
freeplay that is valid in the neighborhood of a given equilibrium
point. The method of multiple-timescales is applied to general au-
tonomous self-excited systems to obtain expressions for the limit-
cycle amplitudeand frequency,and associatedstability criteria.The
approachfollowsthatgivenbyMorino,17 Kuo et al.,18 andSmith and
Morino19 for the analysis of nonlinear panel � utter in systems with
quadraticand cubic nonlinearitiesand by Gordon and Merchant4 to
nonlinear shimmy models with velocity squared damping.

II. Problem Formulation
The equations of motion for the nonlinear shimmy models con-

sidered here (Appendix A) have the following general form when
expressed in state variable representation:

M Pq C Kq D OF j sgn.q j / C OFk. OFfp; qk / (1)

where

sgn.q j / D C1; q j > 0

0; q j D 0 or jqk j < µfp

¡1; q j < 0 (2)

OFfp D ¡kµ µfp; qk > Cµfp

¡kµ qk ; jqk j · Cµfp

Ckµ µfp; qk < ¡µfp (3)

K D K.V / (4)

M and K are matrices for inertia and viscous damping and for
stiffness, respectively, for the linear system about an equilibrium
point qe when the equationsof motion are expressed in terms of the
state variablevector q. A dot over a symbol indicatesdifferentiation
with respect to time ¿ .

The vector OF j sgn.q j / representsnonlinear terms due to coulomb
friction between the oleo struts, where OF j is a vector with constant
components.

The vector OFk D OFk . OFfp; qk / is a nonlinear function of qk repre-
senting terms due to structural freeplay in the landing gear’s torque
links. The structuralmoment Ffp about the pivot, includingfreeplay
effects, is given by

Ffp D kµ qk C OFfp (5)

where kµ is the torsional stiffnessof the gear, or the torque links, de-
pending on the particular structural model being used. OFfp , which is
given by Eq. (3), is a function of qk and the torsional freeplay µfp.
The linear term kµ qk in Ffp (which is assumed to be a function of
qk D µ here for simplicity only) is included in K (Appendix A).

V is a system parameter that is taken herein to be the ground
speed of the aircraft. There is a critical value V D V0 such that the
linear system . OF j D OFk D 0/ is stable for V < V0 and unstable for
V > V0 . For V D V0 , there is one pair of purely imaginary eigenval-
ues; all other eigenvalueshave negative real parts. Thus, undamped
harmonic oscillations occur for V D V0 . The periodic solution of
Eq. (1) is sought in the local neighborhoodof V0 for small perturba-
tions about the equilibrium point qe D 0. The vibration amplitudes
are assumed to be high enough to engage the torque links, that is,
qk ¸ µfp.

Assume that V can be expanded as a power series in a small
parameter ² about the critical point V0 associatedwith a given equi-
librium point qe ,

V D V0 C ²V1 C ²2V2 C O.²3/ (6)

The coef� cients Vi are known constants, and V0 de� nes the neutral
stability point for the linear system, that is, one pair of eigenvalues
for the linear system are imaginary. This implies that

K D K.0/.V0/ C ²K.1/.V1/ C O.²2/ (7)

Now rescale the nonlinear terms OF j and OFk that appear on the
right-hand side of Eq. (1) by a factor of ², where ² is a small
parameter:

OF j D ²F j (8)

OFk D ²Fk (9)

This choice of rescaling implies that the nonlinear terms OF j and OFk

are of the same order of magnitude as changes in the linear term
K.V / due to .V ¡ V0/. Then, Eq. (1) becomes

M Pq C Kq D ²[F j sgn.q j / C Fk ] (10)

With the use of the method of multiple timescales,16 assume that
there exists a uniformly valid asymptotic expansion for the depen-
dent variables q of the form

q D
MX

m D 0

²mqm (11)

De� ne multiple timescales ¿m such that

¿m D ²m ¿ (12)

where m D 0; 1; 2; : : : ; M : Then,

d
d¿

D
MX

m D 0

²m @

@¿m
C O.²M C 1/ (13)

dq
d¿

D @q0

@¿0
C ²

µ
@q0

@¿1
C @q1

@¿0

¶
C ²2

µ
@q2

@¿0
C @q1

@¿1
C @q0

@¿2

¶
C O.²3/

(14)

Substitution of Eqs. (6) and (7) and (11–14) into Eq. (10) and col-
lection of terms in powers of ² gives the following sets of equations
to O.²2/.

For the ²0-order system:

Lq0 D 0 (15)

where

L D M
@

@¿0
C K.0/ (16)

For the ²1-order system:

Lq1 D ¡K.1/q0 ¡ M
@q0

@¿1
C F j .V0; q0/ sgn.q j0/ C Fk .V0; q0/ (17)

III. Problem Solution
A. ²0-Order Solution

The ²0-order system in Eq. (15) is the set of linear shimmy equa-
tions for small perturbationsabout the equilibrium point qe D 0. At
some critical value of the parameter V D V0, one pair of eigenval-
ues are purely imaginary and all other eigenvalues have negative
real parts. Thus, undamped harmonic oscillationsoccur for V0 . The
harmonic solution to Eq. (15) for q0 is

q0 D AueiÃ C Au¤e¡iÃ D 2A Re[ueiÃ ] (18)
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where i D
p

¡1, and A is a real quantity that is a function of the
timescales ¿m; u is a complex eigenvector, and u¤ is the complex
conjugate of u. Here,

Ã D !0¿0 C Á.¿1; ¿2; : : :/ (19)

A D A.¿1; ¿2; : : :/ (20)

Substitution of Eqs. (18) and (19) into Eq. (15) yields

L0u D 0 (21)

where

L0 D i!0M C K.0/ (22)

and K.0/ is a function of the system parameter V0 . Equation (21)
possesses nontrivial solutions if and only if

det L0 D 0 (23)

For V D V0, the requirement in Eq. (23) determines the eigenvalue
!0, the shimmy frequency for the linear system. Hence, the eigen-
vector u associated with !0 can be obtained.

B. ²1-Order Solution

Expand the nonlinear terms due to coulomb friction F j sgn.q j0/
and structural freeplay Fk that appear on the right-hand side of
Eq. (17) in complex Fourier series with

f .n/

j D 1
2¼

Z 2¼

0

F j sgn.q j0/e¡inÃ dÃ (24)

f .n/

k D 1
2¼

Z 2¼

0

Fk e¡i nÃ dÃ (25)

for ¡1 · n · C1, and where

q j0 D 2A Re
£
u j e

iÃ
¤

(26)

Now substitute q0 from Eq. (18) into Eqs. (17), (24), and (25) to
obtain an equation for q1:

Lq1 D
n 6D §1X

¡1 < n < C1

h
f .n/

j C f .n/

k .A/

i
einÃ C

h
f .C1/

j C f .C1/

k .A/

C K.1/uA
i
eCiÃ C

³
@ A

@¿1
C i A

@Ã

@¿1

´
MueCiÃ C

h
f .¡1/

j

C f .¡1/

k .A/ C K.1/u¤ A
i
e¡iÃ C

³
@ A

@¿1

¡ i A
@Ã

@¿1

´
Mu¤e¡iÃ

(27)

The terms on the right-hand side of Eq. (27) that multiply eCiÃ

and e¡iÃ are secular and lead to spurious resonance because the
homogeneous solution is

q1 D BueCiÃ C Bu¤e¡iÃ (28)

From matrix theory, this spurious resonance can be suppressed by
requiring that

vT
h
f .C1/

j C f .C1/

k .A/ C K.1/uA
i

C vT

³
@ A

@¿1
C i A

@Ã

@¿1

´
Mu D 0

(29)
or

³
@ A

@¿1
C i A

@Ã

@¿1

´
C ¯ A C ° C ± D 0 (30)

where

® D vT Mu (31)

¯ D vT K.1/u
¯

® (32)

° D vT f .C1/

j

.
® (33)

± D vT f .C1/

k

.
® (34)

where v is the left eigenvector associated with

vT L0 D 0T (35)

or

LT
0 v D 0 (36)

where L0 is de� ned in Eq. (22). When the real and imaginary parts
in Eq. (30) are equated to zero individually,partial differentialequa-
tions are obtained for the amplitude A and phase Ã , namely,

@ A

@¿1
C ¯R A C °R C ±R D 0 (37)

³
@Ã

@¿1
C ¯I

´
A C ° I C ±I D 0 (38)

C. OO(²1 ) Limit-Cycle Solution

For stationary periodic motion, @ A=@¿1 D 0, and from Eq. (37),
an equationfor the limit-cyclesolutionG.A D ALC/ D 0 is obtained:

G.A/ D ¯R A C °R C ±R D 0 (39)

When Eqs. (11) and (18–20) are combined with ² D .V ¡ V0/=V1,
an approximation for the limit cycle is obtained:

q D 2ALC Re[uei!¿0 ] C O.²/ (40)

For the general case consideredin Eq. (39), ° D ° .A/ is determined
by the coulomb friction terms from Eqs. (24) and (33); ® is given
by Eq. (31), ¯ is a function of K.1/.V1/ that is determined from
Eq. (32), and ± D ±.A/ is determined by the structural freeplay-
dependent terms from Eqs. (25) and (34). Note that ¯; ° , and ± are
functions dependent on the normalized forms of u and v.

The phase Ã D !¿0 , where ! is the nonlinear frequency, is deter-
mined from Eqs. (19) and (38)

Ã D !0¿0 ¡ ²[¯I C .°I C ±I /=ALC]¿0 (41)

with the limit-cycle amplitude 2A D 2ALC being determined from
Eq. (39)and² D .V ¡ V0/=V1 with V1 D C1 for V > V0 and V1 D ¡1
for V < V0. Alternatively, one can choose ² D 1 with V D V0 C V1,
and V1 > 0 for V > V0 , and V1 < 0 for V < V0.

IV. Nonlinear Stability Analysis
A. Coulomb Friction Only

Consider Eq. (1) when no nonlinear terms due to freeplay are
present, that is, OFk D 0: Then, ± D 0 in Eq. (30) and Eqs. (37) and
(38) for the amplitude A and phase Ã , respectively,become

@ A

@¿1
C ¯R A C °R D 0 (42)

³
@Ã

@¿1

C ¯I

´
A C °I D 0 (43)

Here, °R and °I are constantsdeterminedby Eqs. (24) and (33). The
solution of Eq. (42) is

A D K .¿2; ¿3; : : :/e¡¯R¿1 ¡ .°R=¯R / (44)
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where A.¿1 D 0/ D A0 and K D .A0 C °R=¯R /. Hence,

A D .A0 C °R=¯R/e¡¯R¿1 ¡ °R=¯R (45)

where ¿1 D ²¿0 and ² D .V ¡ V0/=V1 .

1. °R > 0 and V < V0

Consider the case °R > 0 for V < V0. Because the linear system
is stable, ¯R > 0. Hence, .°R=¯R/ > 0. Also .A0 C °R=¯R / > 0 for
A0 > ¡°R=¯R . Because ¯R > 0, then e¡¯R ¿1 ! 0 as ¿1 ! 1. Thus,
the system is stable regardless of the magnitude or sign of A0 for
V < V0 .

2. °R > 0 and V > V0

Considerthecase°R > 0 forV > V0 . Here,¯R < 0 becausethe lin-
ear system is unstable, and hence, .°R=¯R/ < 0. For A0 · j°R=¯R j,
then .A0 C °R=¯R/ < 0. Thus, A ! 0 at a particular¿1 D ¿10 and for
¿1 ! 1. For A0 > j°R=¯R j, then .A0 C °R=¯R/ > 0, and A ! 1 as
¿1 ! 1. Hence, an unstable limit cycle exists for V > V0 .

3. °R < 0 and V < V0

Consider the case °R < 0 for V < V0. Because the linear system
is stable, ¯R > 0. Hence, .°R=¯R/ < 0. Also .A0 C °R=¯R / < 0 for
A0 · j°R=¯R j. Because ¯R > 0, then e¡¯R¿1 ! 0 as ¿1 ! 1. Thus,
A ! .¡°R=¯R / as ¿1 ! 1. Hence, a stable limit cycle exists for
V < V0 .

4. °R < 0 and V > V0

Considerthecase°R < 0 forV > V0 . Here,¯R < 0 becausethe lin-
ear system is unstable, and hence, .°R=¯R/ > 0. For A0 · j°R=¯R j,
then .A0 C °R=¯R/ > 0. For A0 > j°R=¯R j, then .A0 C °R=¯R / > 0.
Thus, A ! 1 as ¿1 ! 1. Therefore, the system is unstable regard-
less of the magnitude or sign of A0 for V > V0.

5. Limit-Cycle Solution

For @ A=@¿1 D 0, there is one stationary solution to Eq. (42),
A D j¡°R=¯R j, which correspondsto a limit cycle. When Eqs. (11)
and (18–20) are combinedwith ² D .V ¡ V0/=V1, an approximation
for the limit cycle is obtained:

q D 2j°R=¯R j Re[uei!¿0 ] C O.²/ (46)

where the frequency ! is given by

! D !0 C jV ¡ V0j[¡¯I C ° I .¯R=°R /] C O.²/ (47)

Thus, dependingon the stabilityof the singularpointnear V D V0,
there are four possible scenarios for the qualitativebehaviour of the
limit cycles. Here, it has been assumed that the linear system is
stable (unstable) for V < V0.V > V0/ and that for V D V0 one pair
of eigenvalues is purely imaginary. In this situation, when °R > 0,
an unstable limit cycle exits for V > V0 and the system is stable for
V < V0; when °R < 0, a stable limit cycle exits for V < V0 and the
system is unstable for V > V0. For the situation where the linear
system is unstable (stable) for V < V0.V > V0/ with one pair of
eigenvaluespurely imaginary at V D V0, the qualitativebehaviorof
the limit cycles is simply the reverse of that just described.

B. Torsional Freeplay Only

Consider Eq. (30) when nonlinear terms due to coulomb friction
are not present, that is, F j D f .n/

j D 0. Then, ° D 0 and Eqs. (37) and
(38) for the amplitude A and phase Ã , respectively,become

@ A

@¿1
C ¯R A C ±R D @ A

@¿1
C G.A/ D 0 (48)

³
@Ã

@¿1
C ¯I

´
A C ±I D 0 (49)

For @ A=@¿1 D 0, there is one stationary solution of Eq. (48),
A D ALC, which corresponds to a limit cycle. When Eqs. (11) and

(18–20) are combined with ² D .V ¡ V0/=V1, an approximationfor
the limit cycle is obtained.

q D 2ALC Re[uei!¿0 ] C O.²/ (50)

where the frequency ! is given by

! D !0 C jV ¡ V0j.¡¯I ¡ ±I =ALC/ C O.²/ (51)

Stability of the limit cycle is determined by evaluation of
G 0.A/ D dG=dA, where G.A/ D ¯R A C ±R , at the singular point
A D ALC. The limit cycle is stable for G 0.ALC/ > 0 and unstable
for G 0.ALC/ < 0.

C. Freeplay and Coulomb Friction

Consider the case when nonlinear terms due to torsional freeplay
and coulombfrictionare present, that is, ° 6D 0 and ± 6D 0 in Eq. (30).
Then, the amplitude A and phase Ã are given by Eqs. (37) and (38),
respectively.

For stationary periodic motion, @ A=@¿1 D 0, and from Eq. (37),
the equation for the limit-cycle amplitude G.A/ D G.ALC/ D 0 is
obtained, that is, Eq. (39). The phase angle Ã is given by Eq. (41).

Stability of the limit cycle is determined by evaluation of
G 0.A/ D dG=dA, where G.A/ D ¯R A C °R C ±R , at the singu-
lar point A D ALC . The limit cycle is stable for G 0.ALC/ > 0 and
unstable for G 0.ALC/ < 0.

V. Numerical Examples
As an application of the preceding analysis, a simple shimmy

model with nonlinear terms representingcoulomb friction between
the strut oleos and freeplay in the torque links is examined. The
model, described in Appendix A, is a modi� cation of one studied
by Nybakken.20 The solution of Eq. (1) is obtained in the local
neighborhood of V0 for small perturbations about the equilibrium
pointqe D 0. The perturbationsolutionsare comparedwith ones ob-
tained by numerical integration using a variable-step Runge–Kutta
algorithm21 and a time step 1t D 1:0 £ 10¡5 s. The parametervalues
used for these calculations are given in Appendix B. For the per-
turbation solution, subroutine HDZAFS,22 which employs Jarratt’s
method, is used to � nd the real roots of the amplitude equation
G.ALC/ D 0.

A. Coulomb Friction Only

For the shimmy model described in Appendix A with coulomb
friction but no freeplay present, the equations of motion are

M Pq C Kq D OF1 sgn.q1/ (52)

where

q D fq1 q2 q3gT D f Pµ µ ygT (53)

M D

2

4
Iµ Cµ 0

0 0 ¸

0 1 0

3

5 (54)

K D

2

4
0 k1 k3

0 k4V V

¡1 0 0

3

5 (55)

sgn.q1/ D C1; q1 > 0

0; q1 D 0

¡1; q1 < 0 (56)

OF1 D OFcf D ¡fCcf 0 0gT (57)
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Then

K.0/ D

2

4
0 k1 k3

0 k4V0 V0

¡1 0 0

3

5 (58)

K.1/ D

2

4
0 0 0

0 k4V1 V1

0 0 0

3

5 (59)

For the linear system .²0 order), Eq. (23) gives the shimmy speed
V0 and frequency !0,

V 2
0 C V0.¸Cµ =Iµ C k3k4¸=Cµ / C k1¸

2
¯

Iµ D 0 (60)

!2
0 D .¸kµ C Cµ V0/=.Iµ ¸/ (61)

The right and left eigenvectorsu and v corresponding to !0 and V0

are determined from Eqs. (21) and (36), respectively. Here, u has
been normalized so that q20 D 2A cos Ã .

u D

8
<

:

i!0

1

¡k4V0=.V0 C i¸!0/

9
=

; (62)

v D

8
<

:

1

¡k3=.V0 C i¸!0/

i Iµ !0

9
=

; (63)

Here, ®, ¯ , ° and are computed using Eqs. (31–33) and (62) and
(63):

® D ®R C i®I (64)

®R D Cµ C
¸k3k4V0

¡
V 2

0 ¡ ¸2!2
0

¢
¡
V 2

0 C ¸2!2
0

¢2
(65)

®I D 2Iµ !0 ¡ 2k3k4V 2
0 ¸2!0¡

V 2
0 C ¸2!2

0

¢2
(66)

¯ D
V1k3k4

£
¡2¸2V0!

2
0 C i

¡
¸3!3

0 ¡ ¸!0V 2
0

¢¤

®
¡
V 2

0 C ¸2!2
0

¢2
(67)

° D °R C i° I D 2iCcf

¼²®
(68)

°R D 2Ccf

¼²

®I¡
®2

R C ®2
I

¢ (69)

° I D 2Ccf

¼²

®R¡
®2

R C ®2
I

¢ (70)

² D
V ¡ V0

V1

(71)

The limit-cycle amplitude 2ALC D 2j°R=¯R j is given by Eq. (46)
and the frequency by Eq. (47). Note that the limit-cycle amplitude
is inversely proportional to ² D .V ¡ V0/=V1 and that the nonlinear
frequency ! is proportional to ².

A plotof limit-cycleamplitudeµ vsnondimensionalgroundspeed
for Ccf D 100 lb ¢ in. (11.298 N ¢ m) and no freeplay that compares
results from the perturbationsolution with those from direct numer-
ical integration of the nonlinear equations is presented in Fig. 1.
Also given in Fig. 1 are frequencies obtained by the perturbation
and numerical integration solutions.

For ground speeds less than V0 , that is, speed ratios V=V0 < 1, the
system is stable. For speeds V > V0 , that is speed ratios V=V0 > 1,

an unstable limit cycle exists. In this region, for an initial amplitude
greater than the limit-cycle amplitude shown at a given speed ratio,
that is, ground speed, the system is unstable; for an initial amplitude
less than this value, the system is stable, and the responsewill decay.
For speedsV > V0 , as the taxi speedapproachesthecriticalvalue V0,
the shimmy speed for the linear system, the frequency approaches
the linear shimmy frequency!0 and the amplitudeincreasesrapidly.

Both the amplitudes and frequencies determined by the pertur-
bation solution are seen to be in excellent agreement with those
from the numerical integration solution. For example, at a ground
speed ratio V=V0 D 1:83, the amplitude predicted by the perturba-
tion solution is about 15.5% lower than that obtained from numeri-
cal integration. (The frequency is about 2.9% lower.) For a ground
speed ratio of V=V0 D 1:22, the difference between the amplitudes
is about5.4%. (The frequencyis about1.8% lower.) At a speed ratio
of V=V0 D 1:07, the difference is less than 2.6%. (The frequency is
less than 1.8% lower.)

B. Torsional Freeplay Only

For the shimmy model described in Appendix A with freeplay
but no coulomb friction present, the equations of motion are

M Pq C Kq D OF2 (72)

where

q D fq1 q2 q3gT D f Pµ µ ygT (73)

M D

2

4
Iµ Cµ 0

0 0 ¸

0 1 0

3

5 (74)

K D

2

4
0 k1 k3

0 k4V V

¡1 0 0

3

5 (75)

OF2 D OFfp D ¡f OFfp 0 0gT (76)

OFfp D ¡kµ µfp; µ > Cµfp

¡kµ µ; jµ j · Cµfp

Ckµ µfp; µ < ¡µfp (77)

Then,

K.0/ D

2

4
0 k1 k3

0 k4V0 V0

¡1 0 0

3

5 (78)

K.1/ D

2

4
0 0 0

0 k4V1 V1

0 0 0

3

5 (79)

For the linear system (²0 order), Eq. (23) gives the shimmy speed
V0 and frequency !0:

V 2
0 C V0.¸Cµ =Iµ C k3k4¸=Cµ / C k1¸

2
¯

Iµ D 0 (80)

!2
0 D .¸kµ C Cµ V0/=.Iµ ¸/ (81)

The right and left eigenvectors u and v corresponding to !0 and
V0 are determined from Eqs. (21) and (36), respectively.Here, u is
normalized so that q20 D 2A sin Ã and, thus, ± D 0 when µfp D 0,

u D

8
<

:

C!0

¡i

ik4V0=.V0 C i¸!0/

9
=

; (82)



310 GORDON

Fig. 1 Limit-cycle amplitude vs taxi speed: Ccf = 100 lb ¢ in. and µfp = 0.

v D

8
<

:

1
¡k3=.V0 C i¸!0/

i Iµ !0

9
=

; (83)

Here, ®, ¯ , and ± are computed using Eqs. (31), (32), and (34)
with Eqs. (82) and (83). Note that u has been normalized so that
q20 D 2A sinÃ . Also, µfp · 2A.

®I D ¡Cµ ¡
¸k3k4V0

¡
V 2

0 ¡ ¸2!2
0

¢
¡
V 2

0 C ¸2!2
0

¢2
(84)

®R D 2Iµ !0 ¡ 2k3k4V 2
0 ¸2!0¡

V 2
0 C ¸2!2

0

¢2
(85)

® D ®R C i®I (86)

¯ D
V1k3k4

£¡
¸3!3

0 ¡ ¸!0V 2
0

¢
C 2i¸2V0!2

0

¤

®
¡
V 2

0 C ¸2!2
0

¢2
(87)

± D ±R C i±I (88)

±R D g1 AÃfp C g1

³
µfp

2

´s

1 ¡
³

µfp

2A

´2

(89)

±I D g2 AÃfp C g2

³
µfp

2

´s

1 ¡
³

µfp

2A

´2

(90)

Ãfp D sin¡1

³
µfp

2A

´
(91)

g1 D 2kµ

¼²

³
®I

®2
R C ®2

I

´
(92)

g2 D
2kµ

¼²

³
®R

®2
R C ®2

I

´
(93)

² D
V ¡ V0

V1

(94)

The limit-cycle amplitude is given by 2ALC from Eq. (48),
where ALC is the stationary solution of the amplitude equa-
tion when @ A=@¿1 D 0, that is, the positive real roots of the
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Fig. 2 Limit-cycle amplitude vs taxi speed: Ccf = 0 and µfp = 0:0001 rad.

equation G.ALC/ D 0. The frequency is given by Eq. (51). A plot
of limit-cycle amplitude µ vs nondimensional ground speed for
µfp D 1:0 £ 10¡4 rad and no coulomb friction that compares results
from the perturbation solution with those from direct numerical
integration of the nonlinear equations is presented in Fig. 2.

For groundspeeds V < V0 , that is, speed ratios V=V0 < 1, a stable
limit cycle exists. In this region, for initial amplitudes either greater
or less than the limit-cycle amplitude shown at a given speed ratio,
that is, ground speed, the system is stable, and the initial response
will decay to a stable limit-cycle oscillation. As the taxi speed ap-
proaches the critical value V0 , the shimmy speed for the linear
system, the nonlinear frequency ! approaches the linear shimmy
frequency !0 and the amplitude increases rapidly. For ground
speeds higher than V0 , that is, speed ratios V=V0 > 1, the system is
unstable.

Both the amplitudes and frequencies determined by the pertur-
bation solution are seen to be in excellent agreement with those
from the numerical integration solution. For example, at a ground
speed ratio V=V0 D 0:51, the amplitude predicted by the perturba-
tion solution is about 3.3% higher than that obtained from numeri-
cal integration. (The frequency is about 7.8% higher.) For a ground
speed ratio of V=V0 D 0:92, the difference between the amplitudes
is about 1.1%. (The frequency is about 1.8% higher.) At a speed
ratio of V=V0 D 0:97, the difference between the amplitudes is less
than 1.0%. (The frequencypredicted by the perturbationsolution is
less than 0.25% higher.)

As the taxi speed approaches V D 0, there is a change in the
response characteristic to a relaxation-typeoscillation, and the fre-
quency (not shown in Fig. 2) predicted by the perturbationsolution
does not agree nearly as well with that obtained by numerical inte-
gration,for example,10.43Hz vs 5.8 Hz at V=V0 D 0:2, even though
the amplitudesare still quite close. (The perturbationsolution’s am-
plitude is about 2.2% higher than that obtained by numerical inte-
gration at V=V0 D 0:2.) The perturbation solution assumes that the
frequencydoes not deviate too greatly from the value !0 associated
with the critical speed V0 .

C. Coulomb Friction and Freeplay

For the shimmy model described in Appendix A with freeplay
and coulomb friction present, the equations of motion are

M Pq C Kq D OF1 sgn.q1/ C OF2 (95)

where

q D fq1 q2 q3gT D f Pµ µ ygT (96)

M D

2

4
Iµ Cµ 0

0 0 ¸

0 1 0

3

5 (97)
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K D

2

4
0 k1 k3

0 k4V V

¡1 0 0

3

5 (98)

sgn.q1/ D C1; q1 > 0

0; q1 D 0 or jq2j < µfp

¡1; q1 < 0 (99)

OF1 D OFcf D ¡fCcf 0 0gT (100)

OF2 D OFfp D ¡f OFfp 0 0gT (101)

OFfp D ¡kµ µfp; µ > Cµfp

¡kµ µ; jµ j · Cµfp

Ckµ µfp; µ < ¡µfp (102)

Then,

K.0/ D

2

4
0 k1 k3

0 k4V0 V0

¡1 0 0

3

5 (103)

Fig. 3 Limit-cycle amplitude vs taxi speed: Ccf = 100 lb ¢ in. and µfp = 0:0001 rad.
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5 (104)

For the linear system (²0 order), Eq. (23) gives the shimmy speed
V0 and frequency !0:

V 2
0 C V0

³
¸Cµ

Iµ

C
k3k4¸

Cµ

´
C

k1¸2

Iµ

D 0 (105)

!2
0 D ¸kµ C Cµ V0

Iµ ¸
(106)

The right and left eigenvectors u and v corresponding to !0 and
V0 are determined from Eqs. (21) and (36), respectively. Here, u
is normalized so that q20 D 2A sin Ã , and, thus, ± D 0 when µfp D 0;
also, µfp · 2A:

u D

8
<

:

C!0

¡i

ik4V0=.V0 C i¸!0/

9
=

; (107)

v D

8
<

:

1

¡k3=.V0 C i¸!0/

i Iµ !0

9
=

; (108)
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Here, ®, ¯, ° , and ± are computed using Eqs. (31–34) and (107)
and (108). Note that u has been normalized so that q20 D 2A sin Ã .
Also, for this case with both coulomb friction and freeplay present,
it has been assumed that sgn.q1/ D 0 when jq2j < µfp:

® D ®R C i®I (109)
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¡
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Fig. 4 Limit-cycle amplitude vs taxi speed: µfp = 0:0001 rad and coulomb friction effects.

°I D
¡2Ccf

¼²

µ
1 ¡

³
µfp

2A

´¶
®I¡

®2
R C ®2

I

¢ (115)

± D ±R C i±I (116)

±R D g1 AÃfp C g1

³
µfp

2

´s

1 ¡
³

µfp

2A

´2

(117)

±I D g2 AÃfp C g2

³
µfp

2

´s

1 ¡
³

µfp

2A

´2

(118)

Ãfp D sin¡1

³
µfp

2A

´
(119)

g1 D
2kµ

¼²

³
®I

®2
R C ®2

I

´
(120)

g2 D 2kµ

¼²

³
®R

®2
R C ®2

I

´
(121)

² D
V ¡ V0

V1

(122)



314 GORDON

The limit-cycle amplitudes are given by the real positive roots of
Eq. (39) and the frequency ! by Eq. (41), where Ã D !¿0 .

A plotof limit-cycleamplitudeµ vs taxi speedforCcf D 100 lb ¢ in.
(11.298 N ¢ m) and µfp D 1:0 £ 10¡4 rad is presented in Fig. 3. Also
shown in Fig. 3 is a comparison of the perturbation solution with
results from direct numerical integrationof the nonlinearequations.
Here, with both coulomb friction and freeplay present, the behavior
of the system differs considerably from that either with coulomb
friction only or with freeplay only. In particular, both stable and
unstable limit cycles can exist for a given taxi speed and a � nite
amplitude limit cycle exists at the critical speed V D V0 .

At low taxi speeds, a stable limit cycle exists. As the ground
speed V increases, the amplitude of the stable limit cycle increases
gradually.For speed ratios V=V0 > 1, both stable and unstable limit
cycles exist. As the speed increases above V0 , the amplitude of
the unstable limit cycle decreases and that of the stable limit cycle
increases up to a speed ratio of about V=V0 D 1:8, where a turning
point is reached. The system is unstable for higher speed ratios
beyond this point.

The amplitudes of the stable limit cycles determined by the per-
turbation solution are seen to differ somewhat from those obtained
by the numerical integration solution at velocity ratios below the
turning point at V=V0 < 1:8. As the ground speed ratio decreases
belowaboutV=V0 D 0:8, there is a change in the responsecharacter-
istic to a relaxation-typeoscillationand the frequency(not shown in
Fig. 3) predicted by the perturbationsolution does not agree nearly

Fig. 5 Limit-cycle amplitude vs taxi speed: Ccf = 500 lb¢ in. and freeplay variation effects.

as well with that obtained by numerical integration: 13.91 Hz vs
12.17 Hz at V=V0 D 1:63, 13.19 Hz vs 9.75 Hz at V=V0 D 1:32, and
12.5 Hz vs 7.13 Hz at V=V0 D 0:92. This behavior is in contrast
to that observed for the case with freeplay present but no coulomb
friction where the mode change did not occur until a very low speed
ratio V=V0 < 0:2.

The perturbation solution presented here assumes that the fre-
quency does not deviate too greatly from the value !0 associated
with the critical speed V0 .

For speed ratios in the range V=V0 D 0.9–1.8, the amplitudes of
the stable limit cycles predicted by the perturbation analysis are
about 35% lower than those obtained from the numerical integra-
tion solution (33% at V=V0 D 0:92, 32% at V=V0 D 1:02, 31% at
V=V0 D 1:32, and 35% at V=V0 D 1:63) until the turning point is
reached, after which agreement between the unstable limit-cycle
amplitudes is very good.

For thecasehere,with bothcoulombfrictionand freeplaypresent,
the turning point predicted by the perturbation solution occurs
at V=V0 D 1:81 compared with V=V0 D 1:69 from the numerical
integration solution, about 7% higher.

Figure 4 is a plot of coulomb friction variation effects on limit-
cycle amplitude µ vs taxi speed for Ccf D 25; 50, and 100 lb ¢ in.
(2.8245, 5.649, and 11.298 N ¢ m) and µfp D 1:0 £ 10¡4 rad. For the
lowest value of coulombfriction,Ccf D 25 lb ¢ in., only a stable limit
cycle exists for speed ratios V=V0 < 1, and the system is unstablefor
speed ratios V=V0 > 1. For higher levelsof coulomb friction, that is,
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Ccf D 50 lb ¢ in. or more, both stable and unstable limit cycles occur.
With increasingcoulomb friction levels, the amplitude of the stable
limit cycle decreases, and the turning point occurs at a higher speed
ratio.

Figure 5 is a plot of torsional freeplay variation effects on limit-
cycle amplitude µ vs taxi speed for Ccf D 500 lb ¢ in. (56.49 N ¢ m)
and for µfp D 0:0005; 0:00075; 0:0010,and 0.0015rad. For the high-
est freeplay value, that is, µfp D 0:0015 rad, only a stable limit cycle
exists for speed ratios V=V0 < 1, and the systemis unstablefor speed
ratiosV=V0 > 1.For lower levelsof freeplay,that is, µfp D 0:0010rad
or less, both stable and unstable limit cycles occur. With decreasing
freeplay levels, the amplitude of the stable limit cycle decreases,
and the turning point occurs at a higher speed ratio.

VI. Summary
A perturbation analysis of nonlinear wheel shimmy in aircraft

landing gear was presented for nonlinear models that include terms
due to coulomb friction between the oleo struts and freeplay in the
torque links. The method of multiple-timescaleswas used to obtain
general expressions for the limit-cycle amplitude and the frequency
that are functions of ground speed. The analysis showed that stable
or unstable limit cycles can exist for taxi speeds above or below a
critical value with stability of the limit cycles being determined by
the sign of a computed coef� cient. It was shown that, when only
coulomb friction is present, an unstable limit cycle exists and that,
when only freeplay is present, a stable limit cycle exists.When both
coulomb friction and freeplay are present, it was shown that stable
and unstable limit cycles and a turningpoint can exist dependingon
the system parameter values. The solution method was applied to
a simple shimmy model and results from the perturbation analysis
were shown to be in good agreement with those obtained by direct
numerical integration of the nonlinear shimmy equations.

Appendix A: Nonlinear Shimmy Model
Equations of Motion

A simple shimmy model with nonlinear terms due to coulomb
friction and torsional freeplay is presented. The model shown in
Fig. A1 is a modi� cation of one studied by Nybakken20 and con-
sists of a wheel attached to a pivoted rigid arm. The system has a
moment of inertia Iµ about the pivot, mechanical trail Lm , pneu-
matic trail L p , torsional stiffness Kµ about the pivot, and a linear
viscous damper Cµ in parallel with the pivot stiffness Kµ . Mod-
i� cations to the model include nonlinear terms for the torsional
moment due to coulomb friction in the strut oleos and a torsional
moment including the effect of freeplay in the torque links. A � nite

Fig. A1 Third-order shimmy model (Nybakken20).

contact patch is assumed and the tangent approximation to Von
Schlippe’s linear string theory (see Nybakken20 ) is used for the tire
model. Default values for the variousmodel parameters are given in
Appendix B.

A string-type theory has two basic relations that govern tire be-
havior. One states that the tire force output is proportional to a
characteristic de� ection of the contact patch relative to the wheel
plane.The proportionalityconstant is the static lateral stiffnessky of
the tire. Because the center of the contact patch of a static tire under
lateral deformationis a straight line, the assumption is made that the
contact patch centerline is a straight line under rolling conditions.
Assuming a straight contact line, the tire force F is given by

F D ky.z C Nz/=2 (A1)

where z is the centerline de� ection at the front of the contact line,
Nz is the de� ection at the rear of the contact line, and ky is the static
lateral stiffness of the tire.

The other basic relation governing tire behavior is the prediction
that the centerline de� ection outside the contact patch decays in an
exponential curve. This can be expressed as

¡dz

ds
D

z

¸
(A2)

where ¸ is called the relaxation length. It de� nes a given tire and
is analogous to a time constant. When Fig. A1 is referred to, the
de� ection Nz at the rear of the contact patch is determined by ex-
trapolating from the front using the slope at the front (the tangent
approximation):

Nz D z ¡ 2h
dz

ds
(A3)

When Eq. (A2) is used for the slope, Eq. (A3) becomes

Nz D z.1 C 2h=¸/ (A4)

For small angles,

dy

ds
D ® ¡ µ (A5)

or
z

¸
D ¡

dz

ds
D

dy

ds
C µ (A6)
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and

z D x ¡ y ¡ hµ (A7)

SubstitutingEqs. (A5–A7)intoEqs. (A1)and (A2)and transform-
ing to the time domain with s D V t , assuming V to be a constant,
gives the tire force F and the kinematic equation relating y; x , and
µ . The tire force F is given by

F D ky .x ¡ y ¡ hµ/.1 C h=¸/ (A8)

and the kinematic relation is given by

Py C V y=¸ D V x=¸ ¡ V µ .1 C h=¸/ (A9)

The equation of motion for this simple model is

Iµ
Rµ C Cµ

Pµ C Fcf C Ffp D ¡F NL (A10)

where Fcf is the moment due to coulombfriction, Ffp is the structural
moment about the pivot, including freeplay effects, and NL is the
effective trail:

NL D Lm C L p (A11)

Ffp D kµ .µ ¡ µfp/; µ > Cµfp

0; jµ j · Cµfp

kµ .µ C µfp/; µ < ¡µfp (A12)

In state variable notation, the nonlinear shimmy equations under
considerationhere have the form

NM Pq C NKq D fcf C ffp (A13)

where q is a vector of the time-dependent state variables and NM
is a matrix containing inertia and viscous damping terms. The
matrix NK contains structural and tire stiffness terms including taxi-
velocity-dependentterms, fcf is a vector of nonlinear coulomb fric-
tion terms, and ffp is a vector of nonlinear stiffness terms, which
include torsional freeplay effects in the landing gear torque links,
which connect the outer and inner oleo struts.

The degrees of freedom de� ned by the state vector q are µ , Pµ , and
y, which are torsional rotation of the wheel, torsional velocity, and
lateral de� ection of the tire at the center of the tire–ground contact
patch, respectively,

q D f Pµ µ ygT (A14)

fcf D ¡fFcf 0 0gT (A15)

Fcf D Ccf sgn. Pµ/ (A16)

sgn. Pµ/ D C1; Pµ > 0

0; Pµ D 0

¡1; Pµ < 0 (A17)

ffp D ¡fFfp 0 0gT (A18)

where Ffp is given by Eq. (A12), and

NM D

2

4
Iµ Cµ 0

0 0 ¸

0 1 0

3

5 (A19)

NK D

2

4
0 k2 k3

0 k4V V

¡1 0 0

3

5 (A20)

Rewrite Ffp as

Ffp D kµ µ C OFfp (A21)

where

OFfp D ¡kµ µfp; µ > Cµfp

¡kµ µ; jµ j · Cµfp

Ckµ µfp; µ < ¡µfp (A22)

Then, with

k2 D ky
NL.1 C h=¸/.Lm ¡ h/ (A23)

k3 D ¡ky
NL.1 C h=¸/ (A24)

k4 D ¡Lm C ¸ C h (A25)

k1 D k2 C kµ (A26)

OFfp D ¡f OFfp 0 0gT (A27)

OFcf D ¡fCcf 0 0gT (A28)

K D

"
0 k1 k3

0 k4V V
¡1 0 0

#
(A29)

and with M D NM, substitution of Eqs. (A14–A29) into Eq. (A13)
gives

M Pq C Kq D OFcf sgn. Pµ / C OFfp (A30)

or

M Pq C Kq D OF j sgn.q j / C OFk . OFfp; qk / (A31)

where

sgn.q j / D C1; q j > 0

0; q j D 0

¡1; q j < 0 (A32)

and OF j D OFcf and OFk. OFfp; qk / D OFfp. Note that j D 1 and k D 2, refer-
ring to q1 D Pµ and q2 D µ , respectively, for the simple model being
considered here. Also, K now includes the linear stiffness kµ in the
term k1 de� ned in Eq. (A26).

Appendix B. Shimmy Model Parameters

Table B1 Dependent variables

Quantity Description and Units

µ Wheel torsional rotation, rad
Pµ Torsional velocity, rad/s
y Lateral de� ection at front of tire

contact patch, in.(m)
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Table B2 Landing gear parameters

Parameter Description and Units

Cµ Torsional damping coef� cient, 2268 lb ¢ in./rad/s
(256.25 N ¢ m/rad/s)

Ccf Strut coulomb friction coef� cient, 100.0 lb ¢ in.
(11.298 N ¢ m)

Ffp Effective moment in torque link, lb ¢ in. (N ¢ m)
Fcf Moment due to coulomb friction between oleos,

lb ¢ in. (N ¢ m)
h Half-length of the tire contact patch, 6.72 in.

(0.170688 m)
Iµ Moment of inertia of gear 189 lb ¢ in. ¢ s2

(21.354 N ¢ m ¢ s2 )
kµ Torsional stiffness of gear 2.4741£ 106 lb ¢ in./rad

(2.7954£ 105 N ¢ m/rad)
ky Lateral stiffness of tire 6861.4 lb/in.

(1.2016£ 106 N/m)
Lm Mechanical trail of wheel 3.0 in. (0.0762 m)
L p Pneumatic trail of tire 5.75 in. (0.14605 m)
¸ Relaxation length of tire 10.24 in. (0.260096 m)
µfp Effective torsional freeplay, rad
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