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Perturbation Analysis of Nonlinear Wheel Shimmy

James T. Gordon*
The Boeing Company, Seattle, Washington 98124

A perturbation analysis of nonlinear wheel shimmy in aircraft landing gear is presented for nonlinear models
that include terms due to coulomb friction between the oleo struts and freeplay in the torque links. The method of
multiple timescales is used to obtain general expressions for the limit-cycle amplitude and the frequency that are
functions of ground speed. The analysis shows that stable or unstable limit cycles can exist for taxi speeds above or
below a critical value with stability of the limit cycles being determined by the sign of a computed coefficient. When
only coulomb friction is present, an unstable limit cycle exists. When only freeplay is present, a stable limit cycle
exists. When both coulomb friction and freeplay are present, it is shown that stable and unstable limit cycles and
a turning point can exist depending on the system parameter values. The solution method is applied to a simple
shimmy model, and results from the perturbation analysis are shown to be in good agreement with those obtained
by direct numerical integration of the nonlinear shimmy equations.

Nomenclature

A = response amplitude

F; F; = vectors of nonlinear terms
[t = vector of coulomb friction terms
o = vector of nonlinear stiffness terms

including freeplay effects

f" £ = Fourier coefficient vectors

i = imaginary unit, »/—1

K, K = stiffness matrices

K© = €%-order term in expansion for K
K" = ¢'-order term in expansion for K
MM = mass matrices

q = vector of state variables

qm = coordinate vector in expansion for ¢
1% = system parameter (ground speed)
Vi = ith-order term in expansion for V
Vo = critical value of V

o = complex coefficient

B = complex coefficient

y = complex coefficient

) = complex coefficient

€ = small parameter

T = independent variable time

T = multiple timescales

¥ = phase

10} = frequency, dependent on amplitude A
wy = eigenvalue for V;, and det L,

I. Introduction

HE prevention of landing gear shimmy continues to be an im-
portant area of concern in the design and operation of aircraft.
Typically,both linear and nonlinearshimmy analysesare conducted,
and by appropriate changes in the geometric, damping, and struc-
tural parameters, a shimmy-free configurationis sought. In general,
linear models will fail to predictaccurately the behaviorof the inher-
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ently nonlinear landing gear system, although basic characteristics
and trends usually will be determined correctly. The presence of
coulomb friction between the oleo struts, freeplay in the torque
links connecting the inner and outer struts, and hydraulic dampers
or steeringunits challengesthe analystand furthercomplicates mod-
eling efforts. In addition, the tire-ground forces and moments are
nonlinear functions of the tire slip angle.

Analytical solutions to nonlinear shimmy models have appeared
in the publishedliterature in only a few cases. Pacejka! presented a
detailed study of the nonlinear shimmy of automobiles including a
nonlinear tire theory and investigations of the effects of dry friction
in the kingpins and wheel bearing clearance on shimmy. His results
identified limit cycles using an analytical method by Magnus based
on the harmonic balance method of Krylov and Bogoliubov? to lin-
earize the equations. His results' also indicated that linear tire theo-
ries produce substantially the same results as the nonlinearexceptin
regions of high slippage. Collins® has emphasized this latter point.

Gordon and Merchant* have applied the method of multiple-
timescales to the analysis of nonlinear shimmy models for landing
gear that include terms due to velocity squared damping. Burton®
has applied the describing function method to the analysis of non-
linear shimmy models with a complete model of hydraulic steering
cylinders used as dampers on a nose landing gear. Somieski® has
used describing function methods for aircraft shimmy models with
nonlinearrepresentationsof the tire aligning momentand side force.

The Krylov-Bogoliubov [(K-B) or harmonic balance]* and de-
scribingfunctionmethods havebeen applied successfullyto systems
with relay-type nonlinearities having discontinuous jumps, for ex-
ample, coulomb friction, freeplay, and hysteresis. Application of
these procedures is justified, even with strong nonlinearities if the
system possessesa filtering property that attenuatesresponses at the
higher harmonic frequencies, that is, the system admits a periodic
solution dominated by the fundamental harmonic. Popov’ has given
the conditions that must be satisfied by the system and the nonlin-
ear function for the K-B averaging method to be applicable. In
general, system models for nonlinear flutter and shimmy problems
exhibit this filtering property. Shen® has discussed the suitability
and application of the K-B method to nonlinear flutter problems.
Siljak® discussed the applicability criterion of Popov’ in consider-
able detail for the describing function and K-B methods, including
extensions to systems having multiple nonlinearities of symmetric
and nonsymmetric types. Siljak? also notes that if the applicability
conditions of Popov’ are not satisfied, use of these methods may
predictsustained oscillations that do not exist, or may fail to predict
sustained oscillations that do exist. Bogoliubov and Mitropolsky!°
have investigated the nonlinear analysis of self-excited systems us-
ing harmonic balance methods. Morrison'! discussed the close rela-
tionshipbetween averaging methods and the two-variableexpansion
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procedure.!>!* Generalization of the two-variable expansion proce-
dure using multiple-timescales and the validity of the asymptotic
expansion method were discussed by Nayfeh.!* Applications of
averaging techniques and the multiple-timescale method to free,
forced, and self-excited vibration problems with a variety of non-
linearities, including those having relay characteristics, were given
by Nayfeh!S and Nayfeh and Mook.!®

The goal of this paper is to obtain a perturbation solution of the
nonlinear shimmy equations for models with coulomb friction and
freeplay that is valid in the neighborhood of a given equilibrium
point. The method of multiple-timescalesis applied to general au-
tonomous self-excited systems to obtain expressions for the limit-
cycle amplitude and frequency, and associated stability criteria. The
approachfollowsthat givenby Morino,!” Kuoetal.,'® and Smith and
Morino'® for the analysis of nonlinear panel flutter in systems with
quadratic and cubic nonlinearitiesand by Gordon and Merchant* to
nonlinear shimmy models with velocity squared damping.

II. Problem Formulation
The equations of motion for the nonlinear shimmy models con-
sidered here (Appendix A) have the following general form when
expressed in state variable representation:

Mg+ Kq = F;sgn(q)) + Fi(Fy. q) (1)
where
sgn(g;) = +1, q; >0
0, q;,=0 or [qi| < O
-1, q; <0 2)
Fry = —kyb,., qx > +0y

—koqx, |gk| < +65,
+koOrp, G < =0 3)
K=K() 4)

M and K are matrices for inertia and viscous damping and for
stiffness, respectively, for the linear system about an equilibrium
pointq, when the equations of motion are expressed in terms of the
state variable vector g. A dot over a symbol indicates differentiation
with respect to time .

The vector F; sgn(q;) represents nonlinear terms due to coulomb
friction between the oleo struts, where F; is a vector with constant
components. o

The vector Fy = F; (Fy,, i) is a nonlinear function of g, repre-
senting terms due to structural freeplay in the landing gear’s torque
links. The structural moment Fy, about the pivot, including freeplay
effects, is given by

Fry = kogqy + ﬁfp (5)

where k, is the torsional stiffness of the gear, or the torque links, de-
pending on the particular structural model being used. Ff,, which is
given by Eq. (3), is a function of g, and the torsional freeplay 6j,.
The linear term kyq, in Fy, (which is assumed to be a function of
qr =0 here for simplicity only) is included in K (Appendix A).

V is a system parameter that is taken herein to be the ground
speed of the aircraft. There is a critical value V =V, such that the
linear system (F; =F, =0) is stable for V <V}, and unstable for
V > Vy. For V = Vj, there is one pair of purely imaginary eigenval-
ues; all other eigenvalues have negative real parts. Thus, undamped
harmonic oscillations occur for V = V,,. The periodic solution of
Eq. (1) is soughtin the local neighborhood of V; for small perturba-
tions about the equilibrium point g, = 0. The vibration amplitudes
are assumed to be high enough to engage the torque links, that is,
Gk e efp-

Assume that V can be expanded as a power series in a small
parameter € about the critical point V,, associated with a given equi-
librium point ¢,,

V=Vy+eVi+e*Vo+ O (6)

The coefficients V; are known constants, and V;, defines the neutral
stability point for the linear system, that is, one pair of eigenvalues
for the linear system are imaginary. This implies that

K =KO(V,) + eKV(V)) + O(?) (7

Now rescale the nonlinear terms F ; and F, that appear on the
right-hand side of Eq. (1) by a factor of €, where € is a small
parameter:

Fy = ¢F, ©)

This choice of rescaling implies that the nonlinear terms I:‘j and F,
are of the same order of magnitude as changes in the linear term
K(V) dueto (V — Vp). Then, Eq. (1) becomes

Mgq + Kq = €[F;sgn(q;) + F/] (10)

With the use of the method of multiple timescales,'® assume that
there exists a uniformly valid asymptotic expansion for the depen-
dent variables ¢ of the form

M

q= Z emqm (11)

m=0
Define multiple timescales 7, such that
T, =€"T (12)

where m=0,1,2,..., M. Then,

M
i — Zemi + 0(€M+1) (13)
dr — T,

d 0 0 0 0 0 0
_q—ﬁ_‘_e ﬂ_‘_i + €2 ﬂ_‘_i_‘_ﬁ +(9(E3)
afl afo 810 311 812

dr 0Ty
(14)

Substitution of Egs. (6) and (7) and (11-14) into Eq. (10) and col-
lection of terms in powers of € gives the following sets of equations
to O(e?).

For the €%-order system:

Lg,=0 (15)

where

9
L=Ma— +K© (16)

To

For the €¢!-order system:

Lo = —KVgy — M2 4 F (v, o)+ F (V. (17)
q, qo . + F;(Vy, q0) sgn(q o) + Fr (Vo, qo)
1

III. Problem Solution

A. €°-Order Solution

The €p-order system in Eq. (15) is the set of linear shimmy equa-
tions for small perturbationsabout the equilibrium point g, = 0. At
some critical value of the parameter V = V|;, one pair of eigenval-
ues are purely imaginary and all other eigenvalues have negative
real parts. Thus, undamped harmonic oscillations occur for V. The
harmonic solution to Eq. (15) for go is

qo = Aue'V + Au*e™V = 2ARe[ue'V] (18)
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where i =4/—1, and A is a real quantity that is a function of the
timescales 1,,, # is a complex eigenvector, and u* is the complex
conjugate of u. Here,

Y =woTy + P(11, T2, ...) (19)
A=A(t, 10,...) (20)
Substitution of Egs. (18) and (19) into Eq. (15) yields
Lou =0 (21)
where
Ly = iwgM + K© (22)

and K is a function of the system parameter V;,. Equation (21)
possesses nontrivial solutions if and only if

detLy =0 (23)

For V =V, the requirement in Eq. (23) determines the eigenvalue
o, the shimmy frequency for the linear system. Hence, the eigen-
vector u associated with w( can be obtained.

B. €'-Order Solution

Expand the nonlinear terms due to coulomb friction F; sgn(g o)
and structural freeplay F; that appear on the right-hand side of
Eq. (17) in complex Fourier series with

n 1 o —in
" ==— f F;sgn(qjo)e ™" dyr (24)
2 0

T .
(n) —in
¢ =5 fo Fre ™ dy (25)

for —oo < n < 400, and where
qjo = 2ARe[ue | (26)

Now substitute g, from Eq. (18) into Egs. (17), (24), and (25) to
obtain an equation for g, :

n#=xl1

L= Y [ @] [

—00<n<+00

. 0A ad .
+K(1)uA:|e+“*” + (_ + iA—w)Muﬁ“"’ + I:fj&l)

311 T
. DA D .
+ (@A) +K<1>u*A]e*“ﬂ + (— - iAa—w)Mu*e“ﬁ
T T

27

The terms on the right-hand side of Eq. (27) that multiply e+
and e~V are secular and lead to spurious resonance because the
homogeneous solution is

¢ = Bue'V + Bu*e™" (28)

From matrix theory, this spurious resonance can be suppressed by
requiring that

0A d
vT[f;“) +flf“)(A) +K(1)uA:| + 7 (— + iA—w)Mu =0
or

A
(a—+iAM)+ﬂA+y+6=0 (30)

where
a=v"Mu (31
B=vKV/a (32)
y =V [ (33)
5= va,§“>/0[ (34)
where v is the left eigenvector associated with
vLy=0" (35)
or
Liv=0 (36)

where L, is defined in Eq. (22). When the real and imaginary parts
inEq. (30) are equated to zero individually,partial differentialequa-
tions are obtained for the amplitude A and phase i, namely,

IA
811
9

(%+ﬁ,)A+y,+a,=o (38)
1

C. O(eb) Limit-Cycle Solution

For stationary periodic motion, dA/d7; =0, and from Eq. (37),
an equationfor the limit-cyclesolution G(A = A} ¢) = Ois obtained:

G(A)=BrA+yr+r=0 (39)

When Egs. (11) and (18-20) are combined with € = (V — V) / V|,
an approximation for the limit cycle is obtained:

q = 2A.c Re[ue™] + O(e) (40)

For the general case consideredin Eq. (39), y =y (A) is determined
by the coulomb friction terms from Egs. (24) and (33); « is given
by Eq. (31), B is a function of K(V)) that is determined from
Eq. (32), and § =68(A) is determined by the structural freeplay-
dependent terms from Eqs. (25) and (34). Note that 8, y, and § are
functions dependent on the normalized forms of u and v.

The phase ¥ = wty, where w is the nonlinear frequency, is deter-
mined from Egs. (19) and (38)

¥ =woto — €[B; + (i +8;)/Arclto (41)

with the limit-cycle amplitude 2A =2A, ¢ being determined from
Eq.(39)ande =(V — V) /V, withV; =+1forV > Vyand V, = —1
for V < V,. Alternatively, one can choose e =1 with V =V, + V|,
and V; >0forV > Vy,and V; <0 for V < V,.

IV. Nonlinear Stability Analysis

A. Coulomb Friction Only

Consider Eq. (1) when no nonlinear terms due to freeplay are
present, that is, F; =0. Then, § =0 in Eq. (30) and Eqs. (37) and
(38) for the amplitude A and phase ¥, respectively,become

9A
L BrA+yr=0 (42)
311
9
(—‘” +ﬂ,)A+y, -0 (43)
311

Here, yx and y; are constantsdetermined by Eqs. (24) and (33). The
solution of Eq. (42) is

A=Kt 15,..0¢ % — (yr/Br) (44)
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where A(t; =0) = A, and K = (A + Yz /Br)- Hence,
A = (Ay+ yr/Br)e K — yr/Br (45)
where 1) = ety and e = (V — V) / V.

1. yr>0andV <V

Consider the case yg > 0 for V < V;. Because the linear system
is stable, Bz > 0. Hence, (yg/Br) > 0. Also (Ag + yr/Br) > 0 for
Ay > —yr/Br- Because g > 0, then e PrT 5 () as 7, — 00. Thus,
the system is stable regardless of the magnitude or sign of A, for
V< VU.

2. yr>0andV >V

Considerthecase yz > 0forV > V|,. Here, Bz < Obecausethelin-
ear system is unstable, and hence, (yz/Br) <O0. For Ay <|yr/Brl,
then (A¢ + yr/Br) <0. Thus, A — 0 at a particular r; = 71y and for
71 — 00. For Ay > |yr/Br|, then (Ag + yr/Br) > 0,and A — o0 as
7, — 00. Hence, an unstable limit cycle exists for V > V.

3. yr<0andV <V

Consider the case yg <0 for V < V;. Because the linear system
is stable, Bz > 0. Hence, (yg/Br) <0. Also (Ag + yr/Br) <0 for
Ao < |yr/Br|. Because Bz > 0, then e P& — 0 as t; — oco. Thus,
A — (—yr/Br) as 1y = 00. Hence, a stable limit cycle exists for
V< VU.

4. yr<0andV >V

Considerthecase yr <OforV > V|. Here, Bz < Obecausethelin-
ear system is unstable, and hence, (yz/Br) > 0. For Ay <|yr/Brl,
then (A + yr/Br) > 0. For Ag > |y /B, then (A¢ + yr/Br) > 0.
Thus, A — oo as 7y — 00. Therefore, the system is unstableregard-
less of the magnitude or sign of A, for V > V.

5. Limit-Cycle Solution

For dA/dt, =0, there is one stationary solution to Eq. (42),
A =|—ygr/Br|, which correspondsto a limit cycle. When Eqgs. (11)
and (18-20) are combined with e = (V — V;,)/ V}, an approximation
for the limit cycle is obtained:

q = 2lyr/Br|Re[ue™] + O(e) (46)
where the frequency w is given by
o=awy+ |V —=Vll=B8r +vi(Br/vr)] + O(e) 47

Thus, dependingon the stability of the singularpointnear V = Vj,
there are four possible scenarios for the qualitative behaviour of the
limit cycles. Here, it has been assumed that the linear system is
stable (unstable) for V < Vy(V > V;) and that for V =V}, one pair
of eigenvalues is purely imaginary. In this situation, when yg > 0,
an unstable limit cycle exits for V > V,, and the system is stable for
V < Vy; when yx < 0, a stable limit cycle exits for V < V; and the
system is unstable for V > V. For the situation where the linear
system is unstable (stable) for V < Vy(V > V) with one pair of
eigenvalues purely imaginary at V =V, the qualitative behavior of
the limit cycles is simply the reverse of that just described.

B. Torsional Freeplay Only

Consider Eq. (30) when nonlinear terms due to coulomb friction
are not present, thatis, F; = f;") =0. Then, y =0 and Egs. (37) and
(38) for the amplitude A and phase ¥, respectively,become

9A DA
S L BrA+ g = — +G(A) =0 (48)
811 afl
9
(—‘”+ﬁ,)A+a, -0 (49)
811

For dA/dt;, =0, there is one stationary solution of Eq. (48),
A = A ¢, which corresponds to a limit cycle. When Eqs. (11) and

(18-20) are combined with € = (V — V;)) / V|, an approximation for
the limit cycle is obtained.

q = 2A,c Re[ue'™] + O(e) (50)
where the frequency w is given by
o =wy+ |V = Vol(=B1 = 8:/Arc) + O(e) (51)

Stability of the limit cycle is determined by evaluation of
G'(A)=dG/dA, where G(A) = BrA + S, at the singular point
A =A;c. The limit cycle is stable for G'(ALc) >0 and unstable
for G'(Aic) <O.

C. Freeplay and Coulomb Friction

Consider the case when nonlinear terms due to torsional freeplay
and coulomb friction are present, thatis, y # 0 and § # 0 in Eq. (30).
Then, the amplitude A and phase ¥ are given by Egs. (37) and (38),
respectively.

For stationary periodic motion, dA/d7; =0, and from Eq. (37),
the equation for the limit-cycle amplitude G(A) = G(ALc) =0 is
obtained, that is, Eq. (39). The phase angle v is given by Eq. (41).

Stability of the limit cycle is determined by evaluation of
G'(A)=dG/dA, where G(A)=BrA + yr + Jz, at the singu-
lar point A = A;c. The limit cycle is stable for G'(ALc) > 0 and
unstable for G'(A;¢) <O0.

V. Numerical Examples

As an application of the preceding analysis, a simple shimmy
model with nonlinear terms representing coulomb friction between
the strut oleos and freeplay in the torque links is examined. The
model, described in Appendix A, is a modification of one studied
by Nybakken2® The solution of Eq. (1) is obtained in the local
neighborhood of V|, for small perturbations about the equilibrium
pointq, = 0. The perturbationsolutions are compared with ones ob-
tained by numerical integration using a variable-step Runge-Kutta
algorithm?! and a time step A7 = 1.0 x 1073 s. The parameter values
used for these calculations are given in Appendix B. For the per-
turbation solution, subroutine HDZAFS,?? which employs Jarratt’s
method, is used to find the real roots of the amplitude equation
G(ALc)=0.

A. Coulomb Friction Only

For the shimmy model described in Appendix A with coulomb
friction but no freeplay present, the equations of motion are

Mg + Kq = F, sgn(q,) (52)
where
a={a o ¢} =0 6 y (53)
I, C, 0
M=|0 0 x (54)
0 1 0
0 ki K
K=| 0 kV V (55)
-1 0 0
sgn(q,) = +1, q, >0
0, q1 = 0
-1, @1 <0 (56)
Fi=F;=-{Cs 0 0} (57)
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Then
0 ki ks
KO=| 0 kVy, V, (58)
-1 0 0
0 0 0
KY=10 kV, W (59)
0 0 0

For the linear system (¢° order), Eq. (23) gives the shimmy speed
Vo and frequency wy,

VZ + Vo(hCo /Iy + kskar/Cyp) + k122 /1, = 0 (60)

wy = (Mg 4+ Cy Vo) /(o) (61)

The right and left eigenvectorsu and v correspondingto wo and Vj
are determined from Eqgs. (21) and (36), respectively. Here, u has
been normalized so that g, =2A cos .
ia)o
u= 1 (62)
—ky Vo / (Vo + idao)

1
v =1 —ks/ (Vo + irey) (63)

i]ga)o

Here, «, B8, y and are computed using Eqs. (31-33) and (62) and
(63):

a=ap+in (64)

)\,k3k4 VU (VUZ - )\.20)5)

(v + w20} .

2k3 k4 Vozkza)g

(66)
(V02 + )‘2“)5)2

o =2l —

5o Viksks[-222Vow? + i()ﬁa)zg — 20 V)] )
o{(VU2 + )»20)5)

2iC,
y=yrtiy=—= (68)
TTEA
2C, o
YR = fﬁ (69)
€ (aR +a,)
2C, o
e Y 70
€ (aR +a,)
V-V,
-5 71
€ m (71)

The limit-cycle amplitude 24, c =2|yr /B! is given by Eq. (46)
and the frequency by Eq. (47). Note that the limit-cycle amplitude
is inversely proportional to € = (V — V;)/ V| and that the nonlinear
frequency w is proportionalto €.

A plotoflimit-cycleamplitudef vs nondimensionalground speed
for Cee=1001b-in. (11.298 N - m) and no freeplay that compares
results from the perturbation solution with those from direct numer-
ical integration of the nonlinear equations is presented in Fig. 1.
Also given in Fig. 1 are frequencies obtained by the perturbation
and numerical integration solutions.

For ground speedsless than Vj, thatis, speedratios V/V,, < 1, the
system is stable. For speeds V > V, that is speed ratios V/V; > 1,

an unstable limit cycle exists. In this region, for an initial amplitude
greater than the limit-cycle amplitude shown at a given speed ratio,
thatis, ground speed, the system is unstable; for an initial amplitude
less than this value, the system s stable, and the response will decay.
Forspeeds V > V), as the taxi speed approachesthe critical value Vj,
the shimmy speed for the linear system, the frequency approaches
the linear shimmy frequency @, and the amplitudeincreasesrapidly.

Both the amplitudes and frequencies determined by the pertur-
bation solution are seen to be in excellent agreement with those
from the numerical integration solution. For example, at a ground
speed ratio V/V, = 1.83, the amplitude predicted by the perturba-
tion solution is about 15.5% lower than that obtained from numeri-
cal integration. (The frequency is about 2.9% lower.) For a ground
speed ratio of V/V, =1.22, the difference between the amplitudes
is about5.4%. (The frequencyis about 1.8% lower.) At a speed ratio
of V/V, =1.07, the differenceis less than 2.6%. (The frequency is
less than 1.8% lower.)

B. Torsional Freeplay Only

For the shimmy model described in Appendix A with freeplay
but no coulomb friction present, the equations of motion are

Mg+ Kq =F, (72)
where
— T _ (9 T
=1 ¢ g} =1{0 6 y} (73)
I, C, 0
M=|0 0 x (74)
0 1 0
0 ki ks
K= 0 KkV V (75)
-1 0 0
Fy=F,=—{F, 0 07 (76)
Fyy = —kyby,, 0 >+,
—kg@, |0| S +0fp
+ko by, 0 < —6b, (77)
Then,
0 Kk ks
KO=| 0 kVy, V, (78)
-1 0 0
0 0 0
KY=10 kV, W (79)
0 0 0

For the linear system (¢° order), Eq. (23) gives the shimmy speed
Vo and frequency wy:

VZ + Vo(hCo /Iy + kska/Cy) + k122 /1, = 0 (80)

0)5 = (Mky + Cy Vo)/(lel) (81)

The right and left eigenvectors u and v corresponding to wy and
V are determined from Eqs. (21) and (36), respectively. Here, u is

normalized so that g,0 = 2A siny and, thus, § =0 when 6, =0,

+a)0
u= —i (82)
ik4 VU/(VU + l)\.a)o)
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0.10
Vo = 196.26 In/sec {4.985 mis)
0o = 16.97 Hz Pert. Solution A
0.09 Num. Integration O NONE
0.08
4 16.97 Hz
"o 0.07
=
< A 16.97 Hz
-]
«
~ 0.06 |
[+
D
(-]
< 0.05-
=
~
-
1 A 16.87 Hz
o 0.-04
h-J
=
= (17.00 Hz)
£ 0.03- Stable 2 16.98 Hz
L= 4
Unstable
A
0.02
0.01 (17.02 Hz)
R 16.99 Hz
(17.22 Hz) | (17.33 H2)
l a__, 17.17 Hz 17.28 Hz
0.00 [ . ——

0.0 0.5 1.0 1.5 2.0
Ground Speed V/V, (non-dim)

Fig. 1 Limit-cycle amplitude vs taxi speed: C¢s =1001b - in. and 6, =0.

1
65,
v ={ —ks/ (Vo + irwp) (83) 8r = 1AV, + &) (7'3) ( b ) (89)
ilyw,
Here, o, B, and § are computed using Egs. (31), (32), and (34) 81 = 82AYg, + go —p % (90)
with Eqgs. (82) and (83). Note that # has been normalized so that 2 A
G0 =2Asiny. Also, 6, < 2A.
Y, = sin~ (—”) 91)
sk, Vo (V2 = 2202) ’ A
a;=—Cy — > (84)
(Voh + )‘2“)6) 2k, o
81 = — > > (92)
Usky V2R Te N e
ag =2l,wy — ﬁ (85)
V2 4+ A2w?) 2k, o
’ ’ g2=—”( — ) (93)
e \ oy +a;
o = Op + i(X[ (86)
V -V
3.3 2 12 2 €= —_ (94)
Vikska[ (R @) — 2o V) + 2022 Vo | Vi

- (87)
O‘(VJ + )‘2“)6) The limit-cycle amplitude is given by 2A;c from Eq. (48),
where A;c is the stationary solution of the amplitude equa-

§ =68p +1id; (88) tion when 9A/d7; =0, that is, the positive real roots of the
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Fig. 2 Limit-cycle amplitude vs taxi speed: Ct =0 and g, = 0.0001 rad.

equation G(ALc) =0. The frequency is given by Eq. (51). A plot
of limit-cycle amplitude 6 vs nondimensional ground speed for
6r, = 1.0 x 10™* rad and no coulomb friction that compares results
from the perturbation solution with those from direct numerical
integration of the nonlinear equationsis presented in Fig. 2.

For groundspeeds V < V), thatis, speedratios V/V; < 1, astable
limit cycle exists. In this region, for initial amplitudes either greater
or less than the limit-cycle amplitude shown at a given speed ratio,
that is, ground speed, the system is stable, and the initial response
will decay to a stable limit-cycle oscillation. As the taxi speed ap-
proaches the critical value V,, the shimmy speed for the linear
system, the nonlinear frequency w approaches the linear shimmy
frequency w, and the amplitude increases rapidly. For ground
speeds higher than V;, that is, speed ratios V /V,, > 1, the system is
unstable.

Both the amplitudes and frequencies determined by the pertur-
bation solution are seen to be in excellent agreement with those
from the numerical integration solution. For example, at a ground
speed ratio V/V, =0.51, the amplitude predicted by the perturba-
tion solution is about 3.3% higher than that obtained from numeri-
cal integration. (The frequency is about 7.8% higher.) For a ground
speed ratio of V/V, =0.92, the difference between the amplitudes
is about 1.1%. (The frequency is about 1.8% higher.) At a speed
ratio of V /V;, =0.97, the difference between the amplitudesis less
than 1.0%. (The frequency predicted by the perturbationsolution is
less than 0.25% higher.)

As the taxi speed approaches V =0, there is a change in the
response characteristic to a relaxation-typeoscillation, and the fre-
quency (not shown in Fig. 2) predicted by the perturbationsolution
does not agree nearly as well with that obtained by numerical inte-
gration, forexample, 10.43Hzvs 5.8 Hzat V / V[; = 0.2, even though
the amplitudes are still quite close. (The perturbationsolution’s am-
plitude is about 2.2% higher than that obtained by numerical inte-
gration at V /V,; =0.2.) The perturbation solution assumes that the
frequency does not deviate too greatly from the value w, associated
with the critical speed Vj.

C. Coulomb Friction and Freeplay

For the shimmy model described in Appendix A with freeplay
and coulomb friction present, the equations of motion are

Mq+Kq =F,sgn(q)) + F, (95)
where
=1 @ ¢} =0 6 y (96)
I, C, 0
M=|0 0 2 97)
0 1 0
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0 ki ks 0 o0 0
K=| 0 kV V (98) KY=|0 kv, V (104)
-1 0 0 0 0 0
sgn(q,) = +1, q >0 For the linear system (¢° order), Eq. (23) gives the shimmy speed
0, ¢ =0 or g2l < 65 Vo and frequency wy:
-1, <0 (99) , ACs  kakyh k22
q1 V0~+VU _9 + 374 —+ ! =0 (105)
. . Iy Cy Iy
Fi=F;=—{Cs 0 0} (100)
5 Mk +CyV
R . . Wt = 26 7 2670 (106)
Fy=Fy=—{F, 0 0 (101) Ioh
A The right and left eigenvectors u and v corresponding to w, and
Fyy = —kobg, 0 > +0 Vo are determined from Eqs. (21) and (36), respectively. Here, u
is normalized so that g,0 =2A sin , and, thus, § = 0 when 6, = 0;
ky0, 6] < 465, also, 6, < 2A:
+ko Oy, 0 < —b, (102) +wy
Then, u= —i (107)
ikyVo/ (Vo + idawy)
0 ky ks 1
KO=1{0 kV V% (103) v =13 —ks/(Vo + iAewo) (108)
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Here, «, B, y, and § are computed using Egs. (31-
and (108). Note that u has been normalized so that g0 =2A sin .
Also, for this case with both coulomb friction and freeplay present,
it has been assumed that sgn(g,) =0 when |g,| < 6,:
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34) and (107)

_2Ccf efp o
n=—c""\)lT=Trs
e 24/ J e+ o))

§=08g +i6,
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O O B
Mesky Vo (V2 — 220 3R=81Awfp+é’1(_)\/1—(_
= —Cy — —— oV g (110) 2 24
(V2 +222)’
s A 9‘p
2ks3ky VEA 2wy 1 = &AYg, + go
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 Vikska[ (R} — 2y V) + 2007 Vow?] s A
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Fig. 4 Limit-cycle amplitude vs taxi speed: ¢, =0.0001 rad and coulomb friction effects.
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The limit-cycle amplitudes are given by the real positive roots of
Eq. (39) and the frequency @ by Eq. (41), where ¢ = w1.

A plotoflimit-cycleamplitude6 vstaxispeedfor C.; = 1001b - in.
(11.298 N-m) and 65, = 1.0 x 10~ rad is presented in Fig. 3. Also
shown in Fig. 3 is a comparison of the perturbation solution with
results from direct numerical integration of the nonlinear equations.
Here, with both coulomb friction and freeplay present, the behavior
of the system differs considerably from that either with coulomb
friction only or with freeplay only. In particular, both stable and
unstable limit cycles can exist for a given taxi speed and a finite
amplitude limit cycle exists at the critical speed V = Vj.

At low taxi speeds, a stable limit cycle exists. As the ground
speed V increases, the amplitude of the stable limit cycle increases
gradually. For speedratios V / V) > 1, both stable and unstable limit
cycles exist. As the speed increases above Vj, the amplitude of
the unstable limit cycle decreases and that of the stable limit cycle
increases up to a speed ratio of about V/V;, = 1.8, where a turning
point is reached. The system is unstable for higher speed ratios
beyond this point.

The amplitudes of the stable limit cycles determined by the per-
turbation solution are seen to differ somewhat from those obtained
by the numerical integration solution at velocity ratios below the
turning point at V/V,, < 1.8. As the ground speed ratio decreases
belowabout V /V, = 0.8, there is a change in the response character-
istic to a relaxation-typeoscillation and the frequency (not shown in
Fig. 3) predicted by the perturbationsolution does not agree nearly

as well with that obtained by numerical integration: 13.91 Hz vs
12.17Hzat V/V;=1.63,13.19Hz vs 9.75Hz at V/V, =1.32, and
12.5 Hz vs 7.13 Hz at V/V; =0.92. This behavior is in contrast
to that observed for the case with freeplay present but no coulomb
friction where the mode change did not occur until a very low speed
ratio V/Vy <0.2.

The perturbation solution presented here assumes that the fre-
quency does not deviate too greatly from the value w, associated
with the critical speed V.

For speed ratios in the range V /V, =0.9-1.8, the amplitudes of
the stable limit cycles predicted by the perturbation analysis are
about 35% lower than those obtained from the numerical integra-
tion solution (33% at V/V,=0.92, 32% at V/V,=1.02, 31% at
V/Vy=1.32, and 35% at V/V, =1.63) until the turning point is
reached, after which agreement between the unstable limit-cycle
amplitudesis very good.

For the case here, with both coulomb frictionand freeplay present,
the turning point predicted by the perturbation solution occurs
at V/Vy,=1.81 compared with V/V, =1.69 from the numerical
integration solution, about 7% higher.

Figure 4 is a plot of coulomb friction variation effects on limit-
cycle amplitude 6 vs taxi speed for C; =25, 50, and 100 1b- in.
(2.8245,5.649,and 11.298 N - m) and 6, = 1.0 x 10~ rad. For the
lowest value of coulomb friction, C.; = 251b - in., only a stable limit
cycleexists for speedratios V/V, < 1, and the system is unstable for
speedratios V/V, > 1. For higher levels of coulomb friction, that s,
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2]
]
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Fig. 5 Limit-cycle amplitude vs taxi speed: C.s =500 1b - in. and freeplay variation effects.
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C=501b- in. or more, both stable and unstable limit cycles occur.
With increasing coulomb friction levels, the amplitude of the stable
limit cycle decreases, and the turning point occurs at a higher speed
ratio.

Figure 5 is a plot of torsional freeplay variation effects on limit-
cycle amplitude 6 vs taxi speed for C; =500 Ib - in. (56.49 N - m)
and for 6, = 0.0005, 0.00075, 0.0010,and 0.0015rad. For the high-
est freeplay value, that is, 6y, = 0.0015 rad, only a stable limit cycle
exists forspeedratios V/V,, < 1, and the systemis unstablefor speed
ratios V /V,, > 1.Forlowerlevelsof freeplay, thatis, 6;, = 0.0010rad
or less, both stable and unstable limit cycles occur. With decreasing
freeplay levels, the amplitude of the stable limit cycle decreases,
and the turning point occurs at a higher speed ratio.

VL. Summary

A perturbation analysis of nonlinear wheel shimmy in aircraft
landing gear was presented for nonlinear models that include terms
due to coulomb friction between the oleo struts and freeplay in the
torque links. The method of multiple-timescales was used to obtain
general expressions for the limit-cycle amplitude and the frequency
that are functions of ground speed. The analysis showed that stable
or unstable limit cycles can exist for taxi speeds above or below a
critical value with stability of the limit cycles being determined by
the sign of a computed coefficient. It was shown that, when only
coulomb friction is present, an unstable limit cycle exists and that,
when only freeplay is present, a stable limit cycle exists. When both
coulomb friction and freeplay are present, it was shown that stable
and unstable limit cycles and a turning point can exist dependingon
the system parameter values. The solution method was applied to
a simple shimmy model and results from the perturbation analysis
were shown to be in good agreement with those obtained by direct
numerical integration of the nonlinear shimmy equations.

Appendix A: Nonlinear Shimmy Model
Equations of Motion

A simple shimmy model with nonlinear terms due to coulomb
friction and torsional freeplay is presented. The model shown in
Fig. Al is a modification of one studied by Nybakken?® and con-
sists of a wheel attached to a pivoted rigid arm. The system has a
moment of inertia I, about the pivot, mechanical trail L,,, pneu-
matic trail L,, torsional stiffness K, about the pivot, and a linear
viscous damper C, in parallel with the pivot stiffness K,. Mod-
ifications to the model include nonlinear terms for the torsional
moment due to coulomb friction in the strut oleos and a torsional
moment including the effect of freeplay in the torque links. A finite

contact patch is assumed and the tangent approximation to Von
Schlippe’s linear string theory (see Nybakken®) is used for the tire
model. Default values for the various model parameters are given in
Appendix B.

A string-type theory has two basic relations that govern tire be-
havior. One states that the tire force output is proportional to a
characteristic deflection of the contact patch relative to the wheel
plane. The proportionalityconstantis the static lateral stiffness k, of
the tire. Because the center of the contact patch of a static tire under
lateral deformationis a straightline, the assumptionis made that the
contact patch centerline is a straight line under rolling conditions.
Assuming a straight contact line, the tire force F is given by

F =ky(z472)/2 (A1)

where z is the centerline deflection at the front of the contact line,
7 is the deflection at the rear of the contact line, and k, is the static
lateral stiffness of the tire.

The other basic relation governing tire behavior is the prediction
that the centerline deflection outside the contact patch decays in an
exponential curve. This can be expressed as

—— == (A2)

where A is called the relaxation length. It defines a given tire and
is analogous to a time constant. When Fig. Al is referred to, the
deflection z at the rear of the contact patch is determined by ex-
trapolating from the front using the slope at the front (the tangent
approximation):

7=27—2h— A3
=z % (A3)

When Eq. (A2) is used for the slope, Eq. (A3) becomes

z=z(1+2h/)) (A4)
For small angles,
dy
—=a—0 A5
ds ¢ (A3
or
z dz dy
—=—-——=—+490 A6
A ds ds + (46)

Fig. A1 Third-order shimmy model (Nybakken?®).
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and
z=x—y—ho (A7)
SubstitutingEqs. (A5-A7)intoEqs. (A1) and (A2) and transform-
ing to the time domain with s = V¢, assuming V to be a constant,
gives the tire force F and the kinematic equation relating y, x, and
6. The tire force F' is given by
F=k,(x—y—ho)(1+h/x (A8)
and the kinematic relation is given by
y+Vy/A=Vx/A—=VO(1 +h/r) (A9)
The equation of motion for this simple model is

I + Cob + Fu+ Fry = —FL (A10)

where Fis the moment due to coulomb friction, Fy, is the structural

moment about the pivot, including freeplay effects, and L is the
effective trail:

L=L,+1L, (A1)
Ffp = kﬁ(e - 0fp)7 0 > +0fp
Oa |0| sy +9fp

ko (6 + 65,), 0 < —b (A12)

In state variable notation, the nonlinear shimmy equations under
consideration here have the form

Mg+ Kq = fis + f5 (A13)

where ¢ is a vector of the time-dependent state variables and M
is a matrix containing inertia and viscous damping terms. The
matrix K contains structural and tire stiffness terms including taxi-
velocity-dependentterms, f; is a vector of nonlinear coulomb fric-
tion terms, and fj, is a vector of nonlinear stiffness terms, which
include torsional freeplay effects in the landing gear torque links,
which connect the outer and inner oleo struts. )

The degrees of freedom defined by the state vectorq are 6, 8, and
y, which are torsional rotation of the wheel, torsional velocity, and
lateral deflection of the tire at the center of the tire-ground contact
patch, respectively,

g=1 6 y' (A14)

fo=—{Fs 0 0} (A15)

F = Cy sgn(6) (A16)
sgn(9)=+1, >0
0, 6=0

-1, 6 <0 (A17)

fo=—{Fp, 0 0} (A18)

where Fy, is given by Eq. (A12), and

I, C, 0
M=|0 0 X (A19)
0 1 0
0 Kk, Kk
K=|0 kv V (A20)

Rewrite Fy, as

Fyp = ko0 + Fp, (A21)
where
Fyy = —kobry, 0 > 464
—kg@, |0| = +0fp
+ko s, 6 < —6k (A22)
Then, with
ky = k,L(1+ h/x)(L,, — h) (A23)
ks = —k,L(1 +h/%) (A24)
k4 = _an + A+ h (A25)
ky =k + kg (A26)
Fy=—{F, 0 0 (A27)
Fo=—{Cy 0 0 (A28)
0 ki ks
K=|0 kV V (A29)
-1 0 0

and with M=M, substitution of Eqs. (A14-A29) into Eq. (A13)
gives

Mg +Kq = F sgn(0) + Fy, (A30)
or
Mg +Kq = F; sgn(q)) + F(Fy,. q0) (A31)
where
sgn(q;) = +1, q; >0
-1, q; <0 (A32)

andl:‘j =I:‘Cfandl:‘k(1:‘,-p, qi) =I:‘,-p. Note that j =1 and k =2, refer-
ring to ¢, =6 and g, =6, respectively, for the simple model being
considered here. Also, K now includes the linear stiffness k, in the
term k; defined in Eq. (A26).

Appendix B. Shimmy Model Parameters

Table B1 Dependent variables

Quantity Description and Units

0 ‘Wheel torsional rotation, rad

0 Torsional velocity, rad/s

y Lateral deflection at front of tire

contact patch, in.(m)
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Table B2 Landing gear parameters

Parameter Description and Units

Cy Torsional damping coefficient, 2268 1b - in./rad/s
(256.25 N - m/rad/s)

Cet Strut coulomb friction coefficient, 100.01b - in.
(11.298 N-m)

F, Effective moment in torque link, 1b - in. (N - m)

Fet Moment due to coulomb friction between oleos,
Ib-in. N-m)

h Half-length of the tire contact patch, 6.72 in.
(0.170688 m)

Iy Moment of inertia of gear 189 1b - in. - s?
(21.354N-m-s?)

ko Torsional stiffness of gear 2.4741 x 10° 1b - in./rad
(2.7954 x 10° N - m/rad)

ky Lateral stiffness of tire 6861.4 1b/in.
(1.2016 x 10° N/m)

L, Mechanical trail of wheel 3.0 in. (0.0762 m)

L, Pneumatic trail of tire 5.75 in. (0.14605 m)

A Relaxation length of tire 10.24 in. (0.260096 m)

>
=

Effective torsional freeplay, rad
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